This paper deals with the fifth-order boundary value problems by using the homotopy perturbation method. This method provides the approximate solutions without discretization and the computation of the Adomian polynomials and the coefficients of sixth-degree B-spline functions. Numerical results show that this method is a promising and powerful tool for solving the fifth-order boundary value problems.
Introduction
Consider the general fifth-order boundary value problem u (5) (x) + f (x, u(x), u (x), u (x), u (x), u (4) (x)) = 0,
with the boundary conditions
where f is continuous function on [a, b] , and the parameters α i , i = 0, 1, 2 and β i , i = 0, 1 are real constants. The fifth-order boundary value problems which arise in the mathematical modeling of viscoelastic flows and other branches of mathematical, physical and engineering sciences, have been widely studied by many authors [5, 6, 8] .
The literature of numerical analysis contained little on the solution of the fifth-order boundary value problems [3] . The conditions for the existence and uniqueness of solutions of such problems were thoroughly discussed by R.P. Agarwal [2] . Two numerical algorithms namely spectral Galerkin methods and spectral collocation methods, were applied to address the numerical issues related to this type of problems [5, 6] , respectively. Moreover, the fifth-order boundary value problems were investigated by M.S. Khan by using finite difference method [19] , and considered by A.M. Wazwaz by means of Adomian decomposition method [24] . Recently, M. A. Khan et.al presented a class of methods based on non-polynomial sextic spline functions for the solution of a special fifth-order boundary-value problems [18] , M. El-Gamel employed the Sinc-Galerkin method to solve the fifth-order boundary value problems [7] . We should point out that these approaches which were provided to solve this type of problems require a large amount of computational effort. In this paper, the homotopy perturbation method will be proposed to solve the fifth-order boundary value problems.
The homotopy perturbation method proposed by J.H. He [9, 10] is constantly being developed and applied to solve various nonlinear problems [1, 4, 11, 12, 13, 14, 15, 16, 17, 21, 22, 23] . Unlike analytical perturbation methods, the homotopy perturbation method does not depend on a small parameter which is difficult to find. We focus on dealing with the fifth-order boundary value problems by means of the homotopy perturbation method. Two numerical examples will be presented to verify the efficiency of the homotopy perturbation method. Compared with the sixth-degree B-spline function method [3] , the Adomian decomposition method [24] and Sinc-Galerkin method [7] , the homotopy perturbation method provides a new approach to solve the fifth-order boundary value problems without discretization, Sinc interpolation and the computation of the Adomian polynomials. Therefore, this method is promising and readily implemented.
The rest of this paper is organized as follows. In section 2, we give the analysis of the homotopy perturbation method. In section 3, we present numerical results to demonstrate the efficiency of the homotopy perturbation method with the help of two examples.
Analysis of the homotopy perturbation method
To clarify the basic ideas of the homotopy perturbation method [13] , we consider the following nonlinear differential equation
with boundary conditions
where A is a general differential operator, B is a boundary operator, u is a known analytical function, and Γ is the boundary of the domain Ω. The operator A can be divided into two parts L and N, where L is linear, while N is nonlinear. Therefore (3) can be rewritten as follows
By the homotopy technique proposed by Liao [20] , we can construct a homotopy v(r, p) :
or
where r ∈ Γ and p ∈ [0, 1] is an embedding parameter, u 0 is an initial approximation of (3), which satisfies the boundary conditions. By (6), it easily follows that
and the changing process of p from zero to unity is just that of
The embedding parameter p is introduced much more naturally, unaffected by artificial factors. Furthermore, it can be considered as a small parameter for 0 < p ≤ 1. So it is very natural to assume that the solution of (6) can be expressed as
Therefore, the approximate solution of (3) can be readily obtained as follows:
Numerical examples
In this section, two numerical examples will be presented to assess the efficiency of the homotopy perturbation method. For the sake of comparison, We will use the absolute error defined as Errors = |analytical solution − approximate solution| (12) to verify the accuracy. Example 1. Consider the following linear fifth-order boundary value problem
The analytical solution of (13) is given by u anal. (x) = x cos x. According to the homotopy perturbation method, we can construct the homotopy Ω × [0, 1] → R which satisfies
0 (x) + py (5) 0 (x) + p(x(cos x + sin x) − 5 cos x) = 0, (15) with the initial approximation y 0 (x) = x − 1 2
, where A and B are unknown constants to be further determined.
Suppose the solution of (13) has the form:
Substituting (16) into (15), and equating the terms of the same power of p, we have
0 (x) = 0.
By solving the above formulae results in the approximation u(x). Then by the form of the solution (16) and the assumption p = 1, we can obtain
Taking the Taylor series of cos(x) and sin(x), it follows that Using the boundary condition at x = 0 and x = 1 yields that
Substituting (20) Table 1 exhibits the analytical solutions, the approximate solutions obtained by the homotopy perturbation method, and the absolute errors. Obviously, the homotopy perturbation method provides high accuracy compared with the analytical solutions. In addition, reviewing sixth-degree B-spline function method [3] and the Adomian decomposition method [24] for solving this type of problems, the homotopy perturbation method gives the approximate solutions without discretization and the computation of the coefficients of sixth-degree B-spline functions and the Adomian polynomials. It's important to note that we get the high accuracy only by two components of the solution (16) , and the accuracy can be further improved by considering more components of the solution (16). Example 2. Consider the following nonlinear fifth-order boundary value problem [7] u (5) 
The analytical solution of (22) is given by u anal. (x) = e x . Similarly, we can construct the homotopy Ω × [0, 1] → R which satisfies
with the initial approximation y 0 (x) = 1 + x + 1 2
Bx 4 , where A and B are unknown constants to be further determined.
Consider the solution of (22) as
Applying the homotopy perturbation method, and rearranging based on powers of p terms, we have
By choosing u 0 (x) = y 0 (x), and solving the above formulae results in the approximation u(x). According to (25) and the assumption p = 1, we obtain The comparisons between the errors obtained by using the homotopy perturbation method and by using the Sinc-Galerkin method [7] are given in Table  2 . The numerical results clearly show that the homotopy perturbation method provides the approximate solutions obtained by two components of (25) in good agreement with the analytical solutions. Note that we obtain the approximate solutions without the Sinc interpolation which is inevitable when solving the fifth-order boundary value problems by using the Sinc-Galerkin method [7] .
Conclusions
The homotopy perturbation method has been applied for solving the fifth-order boundary value problems. Compared with the sixth-degree B-spline function method, the Adomian decomposition method and Sinc-Galerkin method, the homotopy perturbation method provides a new approach to solve the fifthorder boundary value problems without discretization, Sinc interpolation and the computation of the Adomian polynomials and the coefficients of sixthdegree B-spline functions. Numerical results are presented to show the efficiency of the homotopy perturbation method. Therefore, this method can be seen as a promising and powerful tool for solving the the fifth-order boundary value problems. 
